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Perturbations of incompressible S-type Riemann ellipsoids are considered in the limit
of short wavelength. This complements the classical consideration of perturbations
of long wavelength. It is shown that there is very little of the parameter space in
which the laminar, steady-state flow can exist in a stable state. This confirms, in a
physically consistent framework, hydrodynamic-stability results previously obtained
in the context of unbounded, two-dimensional flows. The configurations stable to
perturbations of arbitrarily short wavelength include the rigidly rotating configura-
tions of Maclaurin and Jacobi, as well as a narrow continuum centred on the family
of irrotational ellipsoids and including the non-rotating sphere. However, most con-
figurations departing even slightly from axial symmetry are unstable. Some of the

P | implications of these results for the complexity of astrophysical flows are discussed.

<

P

@) : 1. Introduction

Ej} = The Riemann ellipsoids are a family of models of rotating, self-gravitating masses. As

T O model stars they are idealized in that no account is taken of compressibility or of the
O complex physical processes attending stellar evolution. However, they represent es-

~ o Y
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sentially the only known, mathematically exact configurations of rotating stars that
depart from axial symmetry. They have consequently played a consistently impor-
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928 N. R. Lebovitz and A. Lifschitz

tant role in the theory of rotating stars. In particular, numerical calculations of the
evolution and stability of rotating stars can often be interpreted in the framework
of the theory of the equilibrium and stability of the Riemann ellipsoids. A standard
reference for this theory is Chandrasekhar (1969).

The stability of the steady-state Riemann ellipsoids has been the subject of many
investigations, going back to Riemann himself. Most of these investigations. including
our own, are based on the linearized equations of fluid motion. Despite the long
history of the subject, only small perturbations belonging to ellipsoidal harmonics
of orders two, three and (in isolated cases) four have been studied with any degree
of generality. As a result, very little is known about stability to perturbations of
length less than, say, one-fourth the average radius. In the present paper we use the
geometrical-optics approximation (Eckhoff 1981; Lifschitz & Hameiri 1991) to study
stability for perturbations of arbitrarily short wavelengths, and we map the region
of parameter space that is unstable to such perturbations. We restrict consideration
to a subclass of the steady Riemann ellipsoids, those of type S (Chandrasekhar
1969), for which the angular velocity and vorticity of the configuration are in the
same direction. There is a two-parameter family of such configurations, and the
general goal of stability theory is to determine which regions of the parameter space
correspond to stable configurations. The principal result of the present analysis is
that almost all of the parameter space corresponds to unstable configurations. Since
the S-type Riemann ellipsoids have fluid velocities with elliptical streamlines, this
result is not surprising: very general instabilities of such two-dimensional flows to
three-dimensional disturbances have been noted over the last decade (Pierrehumbert
1986; Bayly 1986; Craik 1989; Waleffe 1990; Bayly et al. 1995; see also Gledzer
& Ponomarev 1992; Vladimirov & Vostretsov 1986). Those S-type ellipsoids that
remain stable to perturbations of short wavelength are the classical, rigidly rotating
configurations of Maclaurin and Jacobi, and a band (in parameter space) centred on
the irrotational ellipsoids, i.e. those for which the total vorticity relative to inertial
space vanishes. The exact extent of this band is given by inequality (5.16) below.
It includes the quiescent, spherical configuration. It excludes the Dedekind family,
which is of special interest in the presence of gravitational radiation.

The work of Craik (1989) is the most directly relevant to the present paper. Craik’s
assumptions, like those of Bayly (1986) and others who have developed the theory
of instability of flows with non-circular streamlines, include that of an unbounded
fluid domain, with flow velocities and pressures that also become unbounded at
large distances. Under these assumptions, wave-like expressions can be found as
exact solutions of the perturbation equations; indeed they remain exact for the full,
nonlinear equations. It is highly plausible that the stability conclusions should carry
over to bounded domains with bounded flow variables if (i) the disturbance wavelength
is sufficiently small, (ii) the disturbance is localized (so the domain ‘looks’ unbounded
from the standpoint of the perturbed region of the flow), and (iii) if the influence of
the boundary can be shown to be negligible.

However, the exactness of the wave-like expressions is in general no longer pos-
sible in the context of a bounded domain like that of the Riemann ellipsoids. We
verify via a WKB approximation that these expressions then become leading-order
asymptotic approximations to the exact solutions of the linearized stability equa-
tions for the Riemann ellipsoids. Moreover, an energy estimate of the error enables
us to give a rigorous demonstration of instability when that is the prediction of the
leading-order terms. The need for this estimate can be understood from a physical

Phil. Trans. R. Soc. Lond. A (1996)
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Short-wavelength instabilities of Riemann ellipsoids 929

standpoint in the following way. While the leading-order terms can be localized away
from the boundary, the full solution cannot be, and the effect of the boundary will
ultimately be felt throughout the flow domain. The problem is therefore to show
that the conclusion of instability persists despite the effect of the boundary. This is
achieved mathematically via the energy estimate.

The plan of the paper is as follows. The precise assumptions and the equations to
be solved are presented in §§2 and 3, and the WKB, or geometrical-optics, method is
outlined in §4, where the transport equations are also derived. In § 5 we consider the
transport equations, which agree with the stability equations treated by Craik (1989)
(see also Bayly et al. (1995), who considered the same system of equations, but in
different physical settings). We explore certain parameter domains important in the
present application analytically as well as numerically in this section. We present
in §6 the energy estimate justifying the geometrical-optics method. The results are
discussed in §7. The appendices are devoted to certain mathematical results used
in §6.

2. Assumptions and equations

The fluid mass is considered to be inviscid and of uniform density. Its evolution is
therefore governed by the Euler equations of fluid dynamics,

DV )

E—{—ZwXV:—p_1VP+V(LP+%Iw><a:|2), (2.1)
written here in a coordinate frame rotating, with respect to an inertial frame, with
angular velocity w. The uniformity of the density p implies the incompressibility
condition,

V-V =0 (2.2)
The gravitational potential ¥ is that due to the fluid mass itself: ‘
- p
U(x,t) =G dy. 2.3
(z,1) e (2.3)

In equation (2.3) D, represents the domain occupied by the fluid at time ¢. These
equations must be supplemented by initial data for the velocity V' as a function of
position in the initial domain Dy, and boundary data on the free boundary 0D;.
The latter consist of the kinematic condition that particles initially on the boundary
remain on the boundary and the physical condition that the pressure vanish there.
To study the stability of solutions of equations (2.1), (2.2) and (2.3) we need the
equations obtained from them by linearizing. We may write these as follows:

D
7% 4 Lu+20u = —Vp+ Vi, (2.4)
V-u=0, (2.5)

1 én
Pz, t) = —/ do,, 2.6
(®,1) = — oo, &~ 9] O (2.6)

where u and p represent Eulerian perturbations in velocity and pressure, &, is the
normal component of the Lagrangian displacement &,

D/Dt=0,+V -V, Lu=(u-V)V and Nu=wXxu, (2.7)

Phil. Trans. R. Soc. Lond. A (1996)
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and we have chosen the unit of time as (7Gp)~'/2. We emphasize that we consider
the case when the density is spatially constant in the unperturbed configuration.
Otherwise there would be a further term in the expression for the perturbation of
the gravitational potential (cf. Lebovitz 1979).

The equations above mix the Lagrangian and Eulerian descriptions. A purely
Lagrangian version of these equations can be found (Lebovitz 1989), which we could
recover from the equations above by using the relation

D¢

Dt &-V)V=u (2.8)
between the Lagrangian displacement and the Eulerian perturbation of velocity, and
one can therefore view our perturbation equations (2.4), (2.5) and (2.6) as equations
for the Lagrangian displacement £. However, it is clear that in the present context
the Lagrangian displacement is irrelevant in the interior of the domain, and only its
normal component at the boundary can affect the dynamics. It is therefore convenient
to retain the traditional efficiency of the Eulerian description in filtering inessential
particle motions and we therefore prefer the mixed description given above. This
is further discussed in §6 below where we introduce a norm for the perturbation
variables © and &,,.

The condition of vanishing pressure on the free boundary 0D;, expressed in terms
of the Eulerian perturbation p in the pressure, becomes

plop, = —& - VPlop, = |V P& ap,, (2.9)

since VP|sp, = —|VP|n|sp, if n is the outward normal.

3. The S-type Riemann ellipsoids

The S-type Riemann ellipsoids form a family of steady-state solutions of equations
(2.1)-(2.3) for which the velocity field is a linear function of the Cartesian coordi-
nates, and the angular velocity w and relative vorticity (r are directed along the
z3 axis: w = wez and (g = (res. In a right-handed, Cartesian coordinate system
aligned along the principal axes of the ellipsoid, the velocity field is

a a
V= (A—lxz, —A—%xl,0> . (3.1)
[¢%)) aq
Here a;, ay and a3 are the semiaxes of the ellipsoid, and A is a parameter related to
the vorticity (g relative to the rotating frame by the formula

Cr=—A (Z—;JrZ—j) (3.2)

The total vorticity relative to inertial space is given by the formula {t = (g + 2w.
The pressure

vanishes at the surface.

A choice of semiaxes ratios (ay/aq, az/a;) determines the constants w, A and Py, up
to an interchange and/or a simultaneous sign change of w and \. The interchange of
w and A is said to replace a configuration by its adjoint configuration (which has the

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 1. The region of existence of S-type ellipsoids in the (a2/a1, as/a1) plane is bounded by

the solid curves. The dashed curve represents the family of Jacobi ellipsoids (among the direct
configurations) and the family of Dedekind ellipsoids (among the adjoint configurations).

same shape but a different velocity field). We may assume, without loss of generality,
that w > 0. Not all choices of semiaxes ratios correspond to steady-state ellipsoids
of the kind described. The admissible configurations are found to occupy a certain
horn-shaped region (see figure 1) in the unit square of the (az/a;,as/a;) plane. On
the other hand, the parameter

f=Grfw=—2 <91 + %) (3.3)

w a9 aq
takes all real values, extended to include +o00. A given choice of f specifies a curve in
the admissible domain of the (as/a1,a3/a;) plane. For example, the choice f = —2
specifies a family of ellipsoids each of which has total vorticity {r = 0. For the
Maclaurin spheroids (a; = ay) the choice of the pair (w,\) is ambiguous and so,
therefore is the choice of f. This ambiguity is resolved by regarding an axisymmetric
figure as a limit of a non-axisymmetric family with a fixed value of f. The related
parameter © = —\/w is also useful: replacing = by 1/x corresponds to replacing a
configuration by its adjoint. We shall refer to configurations for which —1 < z <
+1 as direct configurations, and those for which z < —1 or > +1 as adjoint
configurations. Those for which z = +1 are self-adjoint. Details may be found in
Chandrasekhar (1969).

4. The geometrical-optics approximation

For perturbations of arbitrarily small spatial scale we shall seek solutions of equa-
tions (2.4)-(2.6) in the form (cf. Eckhoff 1981 and Lifschitz & Hameiri 1991 for

Phil. Trans. R. Soc. Lond. A (1996)
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932 N. R. Lebovitz and A. Lifschitz

a fuller description of this method) of the geometrical-optics approximation with
remainder,

u(x,t,e) = ?@/ Ly O (g 1) + eu (x, 1)} + eu’ (, t,€), (4.1)
p(x,te) = e@(w’t)/e{p(o) (z,t) + ep(l)(ar:, )} +ep’(z,t,€), (4.2)

where € (0 < € < 1) measures the spatial scale, ¢ is a real-valued function, and
u?) pl) (j =0,1,7) are complex-valued. A similar representation

(@, t,e) = @V A @ 1) + £V (@, 1)} + e (@, 1, ) (4.3)

may be assumed for the Lagrangian displacement. This in turn induces a decompo-
sition of the perturbation v of the gravitational potential into three terms. As we
shall see below, we are free to choose £ and £ to vanish at the boundary of D;
this will then leave only the remainder term

1 234
P(x,te) = e’ (x,t,€) = —/ " —do
™ Jop, |& = Y| !
for the perturbation of the gravitational potential.
Substitution of these expressions into equations (2.4) and (2.5) above leads in a
straightforward way to the following equations:

D¢
Du(® D
gt + (L +22)u® + vp© = —i <—l—)?u<l) + p“>k:> : (4.5)

Dur A
“t F(LA+20)u" +Vp' =V = —e?{Du®) /Dt + (L +22)u® +VpM}, (4.6)

from the linearized Euler equations, and

E-u® =0, (4.7)
V-u® = —ik-u, (4.8)
Vou =—e?V.ul), (4.9)
from the linearized continuity equation. In these equations we have used the notation
k=Vao. (4.10)

Equation (4.4) is satisfied compatibly with equation (4.7) if
%? =0 and p© =o0. (4.11)

Equation (4.5) now implies

Du®
Dt

Du©®

+ (L +22)u® — |k| %k - { + (L + 2[))u(0)} k=0
This equation can be reduced to an ordinary differential equation for u(?) as follows
(cf. Lifschitz & Hameiri 1991). Differentiating equation (4.7) we find

0
. Du® Dk

Dt Dt ’

Phil. Trans. R. Soc. Lond. A (1996)
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and differentiating k we find, with the aid of the first of equations (4.11),

Dk

— =Lk, 4.12

i (4.12)
where L is the transpose of the matrix L. We’'ll refer to this equation, which plays a
significant role in the analysis, as the eikonal equation. Together with the preceding
equation, it reduces the expression for p(") to a linear expression in «(?), and equation

(4.5) now takes the form

Du®©
— Bu©
= Bu?, (4.13)
where
Bu = —(L+22)u+2|k|*{k- (L + 2)u)}k. (4.14)

We'll refer to equation (4.13) as the transport equation. It is straightforward to show
that the incompressibility condition (4.7) holds for ¢ > 0 in consequence of this
equation if it holds at the initial instant. In Lagrangian representation = X (o, t),
this is an ordinary differential equation.

More precisely, the equations for the unperturbed Lagrangian orbits, dz/dt =
u(x, t), together with the eikonal and transport equations, form a system of ordinary

differential equations in time, with initial data xq, ko, u(()o) , which can be supplied
sequentially. Therefore, in the general case, the matrix B depends parametrically
on both xy (through its dependence on L) and on kq (in our present application it
happens that L is independent of z, so there is no dependence of B or of k on x).

As described in previous applications of the geometrical-optics method in fluid
dynamics, the leading-order approximations can be localized, in the following sense:
initial data can be chosen so that the leading-order terms (those with superscripts 0
and 1) are different from zero only on a chosen tube of streamlines. More particularly,
suppose initial data u(®) = 0 are given for a particular value of z, in D. Then u® =0
for all £ > 0 and the same value of xg, i.e. along the streamline passing through xg.
By choosing initial data vanishing outside a chosen set of streamlines, we localize
the perturbation velocity on those streamlines, in leading order. For the components
(u™, p(M) we may write (cf. equations (4.5), (4.8))

u™ =i|k|2kV - u?,

@
pV =ilk| %k {Dgt + (L + QQ)u(")} :

which are again localized if w(® is.

Suppose in particular that u(®) = ) = 0 on 4D at time ¢t = 0. Then they remain
zero on the boundary for all ¢ > 0. On the other hand, referring to equations (4.3)
and (4.11), we see that £&? and u(? are related by equation (2.8), (i = 0,1). If we
require that £(©) and € vanish on 8D at t = 0, then they also vanish there for all
t > 0. This implies that ¢ = ¢", justifying our earlier assumption.

The temporal behaviour of the leading-order approximation is found by solving
equation (4.13). Unbounded solutions suffice to prove instability, provided the re-
mainder terms (u”,p") can be shown incapable of cancelling the growth of the
leading-order terms. For this it is enough, as Eckhoff (1981) and Lifschitz & Hameiri
(1991) have pointed out, if the temporal growth of the remainder terms in an ap-
propriate norm (cf. §6) is bounded, not necessarily in time, but uniformly in €. For
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934 N. R. Lebovitz and A. Lifschitz

then the inequality
1w, p)|| = (@, pO)| = e{ Il (™, p)]] + [[(w”, ")}

implies that if the leading-order approximation grows without bound for some choice
of arbitrarily small initial data compatible with the incompressibility condition (4.7),
then the full solution exceeds in norm any fixed bound, for arbitrarily small initial
data. The key estimate controlling the growth of (u”,p") is inequality (6.4).

The representation (4.1)—(4.3) need not remain uniformly valid in time for all ¢ > 0
when € is fixed. From the standpoint of formal asymptotic expansions this means
the expansion may eventually become ‘disordered’; from the standpoint of physics
it means that the influence of the boundary may not be negligible permanently.
However, the energy estimate of §6 shows that the expansion is uniformly valid in
e for each fixed t > 0, and this is sufficient to conclude that if the leading-order
expressions are temporally unbounded, then so is the full solution, for sufficiently
small e.

Temporally bounded solutions of equation (4.13) fail to prove stability, on two
grounds: (i) the error term may be unbounded and (ii) even if it is bounded, only
a limited class of perturbations is under consideration. On this understanding, we
nevertheless refer for brevity to bounded solutions of the transport equations as
stable.

5. Analysis of stability

In the present section we specialize the geometrical-optics equations derived in § 4
for the case of the S-type Riemann ellipsoids and analyze their solutions. The stability
equations are equivalent to those studied, in more general parameter regimes, by
Craik (1989) and by Bayly et al. (1995). Here we not only restrict the parameters to
those appropriate to the Riemann ellipsoids but also emphasize physically significant
subregions of the allowed parameter space.

(a) Formulation
The matrices L and {2 take the forms (cf. equation (2.7) above)

0 )\al/ag 0 0 —w 0
L=\ —Xas/ay 0 0 and =] w 0 0 |. (5.1)
0 0 0 0 0 0

The matrix {2 is always independent of position, whereas the matrix L is independent
of position in the present case because the underlying flow is linear in the coordinates.
Both are constants because the unperturbed flow is steady.

Several useful conclusions can be drawn very simply from the structure of equations
(4.13) and (5.1). We henceforth write b in place of u(®, and denote its complex
conjugate by b*. Taking the scalar product of each side of equation (4.13) with b*,
and noting that the incompressibility condition (4.7) holds with real k, we find after
a short calculation that

d a a
d—t|b|2 =\ (é - a-j) (b%by + byb3).
If A = 0 (the Jacobi family) or if a; = a; (the Maclaurin family) the right hand side

Phil. Trans. R. Soc. Lond. A (1996)
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vanishes and the amplitude of the Fulerian velocity field is conserved. We therefore
conclude that these classical, rigidly rotating configurations are stable to disturbances
of short wavelength. More generally, since the final factor on the right-hand side is
not greater than |b|?, the preceding equation provides an upper bound on the growth
rate of any instability:

d a;  a
0 < (2 - 2) o 52

If the flow determined by L above is decomposed into a rotation with vorticity (g
and a deformation with strain rate e (cf. Waleffe 1990), one finds

e _a
—2 ao aj '

Hence the growth rate of b is limited by the strain rate.

It is also convenient to decompose three-vectors into a scalar component parallel
to the z3 axis and a two-vector component parallel to the (z1,z2) plane; below we
denote these components by the subscripts || and L and refer to them as vertical and
horizontal components respectively. In this notation the full system of geometrical-
optics equations for the S-type Riemann ellipsoids becomes

dky iy _

— t o
o= Lok, =0, (5.3)
db, by
= = Bibn, Ll =8-bL. (5.4)

The matrices bearing the subscript L represent the upper two-by-two blocks of the
corresponding matrices without the subscripts (cf. equations (4.12), (4.13) and (5.1)).
The general solution of equation (5.3) is (cf. Bayly 1986; Craik & Criminale 1986)

1/2 1/2
k=ko<<‘2—a§—> (1= p*)"? cos ¢, — (—2—"?—) (1—u2>”2sin¢,u). (5.5)

2 2 2 2
aj + a3 aj +aj

Here ¢ = A\t + ¢o and p represents the ratio of k3 to the norm of k at a particular
instant. The factor kg representing the amplitude of the wave-vector may, without loss
of generality, be set equal to one (note that the vector field determining b, equation
(5.4), is homogeneous of degree zero in k). In order to satisfy the incompressibility
condition (4.7) above, it is necessary and sufficient to restrict initial data for the
system (5.4) to the manifold b - k = 0. It is sufficient to study the equation for the
horizontal components of b since its vertical component can be determined from the
incompressibility condition (Craik 1989).
It is convenient to introduce the transformations (Bayly et al. 1995)

C1 _ kl k2 bl _
<02>_(k/kl)<_k2 k1><b2>’ T=2(X+ ¢o). (5.6)

We further take as parameters, in place of (u, as/a1, as/ay) the triple (u, 6, f), where
[ is as previously defined (equation (3.3) above) and

2 _ 2
§=2_ %2 (5.7)

a1? + ag?

Phil. Trans. R. Soc. Lond. A (1996)
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In place of equation (5.4) for b, we obtain

dc_

= 5.8
% _ e (5.9
which is in Hamiltonian form with
ilo 1—6bcosT B p2(f(1—6%)+2(1 —6cosT))
N ar 8 1—(1I—p2)dcosT  f/1 =621 —6bcosT)(1— (1 — p2)§cosT)
2+ 1) —il 1—68cosT
Ny dr B\ T (1 p2)bcost

(5.9)
Since the transformation from b, to ¢ is periodic in time, the stability properties
of the systems (5.4) and (5.8) are the same. Since the matrix N = N(7, u,6, f) is
analytic in the parameters for |u| < 1,]6] < 1,|f| > 0, so also are any solutions with
analytic initial data. In fact N depends only on p? and, without loss of generality.
we restrict consideration below to the interval 0 < p < 1.

The matrix N is 27-periodic in 7 so we can use standard Floquet theory to address
the stability problem. Let ¢(7) be the fundamental matrix solution of equation (5.8)
reducing to the identity at 7 = 0, and M = &(27) be the corresponding monodromy
matrix. Since det M = 1 (this follows immediately from the vanishing of the trace of
N), the eigenvalues of M satisfy the equation,

VP — Av+1=0, (5.10)

where the discriminant A = tr M is an analytic function of (u, 6, f). It is clear (cf.
Bayly 1986; Craik 1989; Magnus & Winkler 1979) that one of the roots is real and
exceeds unity in absolute value if |A| > 2. This is the criterion for exponential
instability. We infer stability if |A| < 2, whereas, in the borderline case |A| = 2, we
may have stability (if M is diagonal) or algebraic instability (if it is not).

A complete picture, in the space of parameters f, u and 8, of the stability of the
S-type ellipsoids, relies on numerical computations of the discriminant A, but certain
cases of special interest are easily treated exactly with the aid of equations (5.8) and
(5.9).

(b) Special values of u, f and §

If & = 0 (Bayly et al. 1995) we anticipate stability in conformity to the general
conclusion that planar flows with elliptical streamlines are unstable only to distur-
bances out of the plane. In this case N reduces to a Jordan block and the system
of equations is easily solved to give A(0,6, f) = 2. Although this condition does
not exclude algebraic instability the incompressibility condition guarantees that the
latter does not occur. Thus, every S-type ellipsoid is stable to perturbations propa-
gating only in the horizontal plane. It is only in this case that the incompressibility
condition needs to be taken explicitly into account. A perturbation analysis valid for
f # 0 shows that stability persists for small p.

If = 1 (Craik 1989), the transformation (5.6) is formally singular, but the matrix
N is well-defined, and an independent analysis confirms that

A(L,6, f) = 2cos(2vum), (5.11)

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

\

\

%A

A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

I \\
\
) \

/

A
(

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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1 4 4

Accordingly, all the configurations such that

where

4
o S 12
=5 <15 (5.12)
are unstable. The endpoints of this interval, where |A(1, 6, f)| = 2, play a special role
in the subsequent analysis. The value f = —4, which lies roughly in the middle, can

be shown to be the value at which the maximum growth rate, as given by inequality
(5.2), is attained.

If f = 0 we know from inequality (5.2) that these (Jacobi) figures are stable; a
straightforward perturbation analysis shows that stability is lost for small f # 0.

If f = =2, i.e. if the total vorticity (v = 0, then Ny; = 0, and the system (5.8) can
again be integrated in elementary functions. The fundamental solution is periodic in
time,
and therefore the family of irrotational ellipsoids is stable. Moreover, a perturbation
analysis shows that configurations sufficiently near the irrotational family are stable.
The actual extent of this irrotational band has been determined by a combination of
numerical and analytic calculations, and is indicated in figures 2 and 5 below and by
equation (5.16). It is a concrete realization of the stabilization in rotating systems
discussed by Craik (1989) and, in a different context, by Bayly et al. (1995).

If 6 = 0, i.e. the ellipsoid is a member of the Maclaurin family, the matrix N is
time-independent and the discriminant A can be found explicitly. We easily find

A(p, 0, f) = 2cos(2nm), (5.14)

where n = u(2 + f)/f. According to equation (5.14) |A| < 2 for all Maclaurin
spheroids, whereas, in the limiting cases when |A| = 2, evaluation of the monodromy
matrix M shows it to be diagonal, implying stability in all cases, agreeing with our
earlier conclusion.

If for some value of f we find that |A(u, 0, )] is strictly less than two for all values
of u in the interval [0, 1], then for that value of f the same is true of |A(y, §, f)| for
small enough 6, and we can conclude that nearby S-type ellipsoids with this value
of f are stable. This will be the case if 2np # 0, +1, £2, ... for any p in [0, 1]. Now,
2n = 0 only if u = 0 (for arbitrary f) or if f = —2 (for arbitrary u), and we have
stability in each of these cases, as previously noted. A simple calculation shows that
27 cannot take on any other integer values if

—4< f<-4/3; (5.15)

this implies that |A(u, 0, f)| < 2 and these f-values therefore label those Riemann se-
quences whose near-axisymmetric members are stable to disturbances of short wave-
length. For any value of f outside this interval, the corresponding Riemann sequence
is a candidate for having nearly axisymmetric, unstable members. A perturbation
analysis which is omitted for the sake of brevity shows that every candidate in fact
has such unstable members.
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1
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T S S—)

Figure 2. The strip 0 < u < 1,—10 < f < 10 for § = 0.5. The widest of the instability tongues
are shown. The stable configurations are those that are stable for each p, i.e. for each wave-vector
orientation. These are seen to occupy a band bounded by vertical, dashed lines that straddle
the vertical line f = —2. The curves lying inside the instability tongues represent level sets of
the discriminant. Note that the instability tongue immediately right of the right-hand dashed
line is very narrow and therefore incompletely resolved in this diagram. The larger instability
domains to the left and right, when extended to f = 400, merge, forming a single tongue.

(C) S!/Il///(,\i.\

Combining our analytical and asymptotic results with a numerical study of the
behaviour of the discriminant A(y, 6, f), we arrive at a rather complete picture of
the stability and instability domains. In particular, for a fixed positive value of 6, we
indicate in figure 2 the instability domains in the (u, f) strip. Our figure 2 should
be compared with figure 2 of Craik (1989) and figure 6 of Bayly et al. (1995); note
that in these papers g = 2/f is used as an independent variable. It appears from
this figure that the stabilizing effect can be predicted solely via the analysis for
i = 1, i.e. for perturbations propagating along the vertical axis of the ellipsoid.
The principal interval of instability at the top of figure 2 corresponds to values of
f making v? < 0 (inequality (5.12)). The f-interval of stability is bounded on the
left by this instability interval, and on the right by next point where |A| = 2. There
are no instability tongues intersecting the line p = 0 according to this figure, except
at f = 0. This conforms to the asymptotic result mentioned in §5b that stability
persists for small p. One can now conclude from these remarks that the S-type
ellipsoids are stable with respect to three-dimensional perturbations if and only if
the ellipticity 6 and relative vorticity f satisfy the inequality

4 4
S N N —————
1+96 / 1+ V4 —362

All other ellipsoids are unstable: the stable Jacobi ellipsoids lie at f = 0 in this
figure, and the stable Maclaurin spheroids are found in the limit when § — 0 and
the instability tongues collapse to curves on which |A| = 2. The stabilizing effect is
rather subtle: the midpoint of stable ellipsoids is at f = —2 while the most unstable
ellipsoids have f = —4.

(5.16)
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Short-wavelength instabilities of Riemann ellipsoids 939

We now reformulate our results in terms of the original variables as/a; and az/a;
rather than the ellipticity 6 and relative vorticity f. Above we fixed 6, 0 < § < 1,
and varied f, —oo < f < oo. Now we can imagine fixing as/a; and varying as/a;
within the limits determined by the existence conditions, represented by the upper
and lower boundaries in figure 1 above and figure 5 below. For comparison with
figure 2 it may be helpful to observe the following. For the adjoint configurations
the parameter f varies from (a? + a3)/aiay (on the lower boundary of the existence
region) to +00 (on the Dedekind line), and then from —oco to —(a? + a%)/ajas (on
the upper boundary of the existence region). For the direct configurations f varies
smoothly from the same values at boundaries through zero (on the Jacobi line).

The stability domains in the (u,as/a1) plane are represented in figures 3a, b. Fig-
ure 3a presents these domains for the direct and adjoint configurations and a repre-
sentative choice of as/as, namely 0.7. Only a small interval of az/a; at the far right
of the figure is stable to wavevectors of all orientations. Outside this interval there
is for each choice of a3z/a; a band of wave-vectors corresponding to growing ampli-
tude, except for the stable Jacobi configuration visible at as/a; = 0.478. The stable
interval is seen from the diagram to be determined by p = 1, as already noted; this
has been a useful check on the numerics. Figure 3b provides the same information
when as/a; = 0.3. Note that the stability interval for the adjoint configurations has
disappeared in figure 3b.

Figure 4a,b shows the growth rates of short wavelength instabilities, maximized
over all possible orientations of the wave-vector (0 < u < 1), of the direct and
adjoint configurations, for the same choices of parameters as in figure 3. We note
that the instabilities of the adjoint configurations typically grow much more rapidly
than do those of the direct configurations. Bounds for the growth rates are given by
inequality (5.2) above. The regions of stability and instability to short wavelength
perturbations in the (as/ay,as/a1) plane for the direct and adjoint configurations
are indicated in figures 5a and b respectively. The band of stability is seen to occupy
only a small fraction of the parameter space; the much larger region of instability
abuts the line of Maclaurin spheroids, except near the region where the latter tend to
a sphere. Consequently, for Maclaurin spheroids lying outside this small region, the
smallest departure from axial symmetry implies the instability of the corresponding
motion.

6. The energy estimate

In this section we show that a conclusion of instability on the basis of the geometric-
al-optics procedure used above is mathematically firm. The considerations of this
section do not require the unperturbed configuration to be steady and can therefore
be used in subsequent applications to time-dependent flows. Accordingly, we allow
the domain D = Dy, the velocity V' = V(z,t) and the pressure P = P(x,t) to
depend on time; the density p could also depend on time but we continue to assume
that it is spatially uniform.

We introduce the energy-like functional E, defined as follows:

5@ =5 [ lu@oPde+s [ [9Plefa (61)

where the second integral is extended over the boundary of the domain D;. The
square-root of this functional is a seminorm, as opposed to a norm, for the La-
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(a)

A 02 0257 03 035 04 g
az/a
Figure 3. (a) The interval of wavevector orientations corresponding to instability for each per-
missible value of as/a1, for az/a1 = 0.7, from the least value A = 0.2517 where « = 1 to the
greatest B = 0.8143, where = —1. J = 0.4781 is the location of the Jacobi ellipsoid. The
double letters identify regions in this diagram where the configurations are stable or unstable,
the first of each double letter referring to the direct configuration, the second to the adjoint.
For example, a region designated SI is a region of stability for the direct configurations but
instability for the adjoint. Figure 3b shows the same for the value az/a; = 0.3, for which the
corresponding values are A = 0.1515, B = 0.4121 and J = 0.2594. The irregularly dashed line
in the lower left reflects a secondary instability tongue too narrow to be resolved (cf. figure 2).

grangian displacement £ because its vanishing does not imply that & vanishes. This
is because there exist particle-relabelling perturbations, insignificant physically, for
which &£ # 0 but for which the Eulerian perturbation u of the fluid velocity vanishes
identically. This functional therefore measures precisely the contribution to the La-
grangian displacement that is physically significant. One can show that the mixed
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0.25 T T T T T T

005} L

(b)

0.7 T T T T T

0.5}
04

03+

0'2 I ,,,———,———,—,,_,

A

0.2 0.25 0.3 0.35
as/aj

Figure 4. (a) The growth rate o (maximized with respect to p) for each permissible value of
as/ay for az/ay = 0.7. The full line represents the values for the direct configurations, the dashed
for the adjoint. Figure 4b shows the same for the value az/a; = 0.3.

Eulerian/Lagrangian representation of the perturbation equations may be viewed as
fundamental by deriving a differential equation for &,|sp as a function of time, from
which it can be seen that the pair (u(z,t),&,(x,t)|sp) are uniquely determined
from their initial data. For this formulation E'/? becomes a genuine norm which
was denoted in §4 above by ||(u,p)||. If E remains below some specified bound for
sufficiently small initial data, we infer that the Eulerian velocity perturbation and
the distortion of the free surface remain small, and therefore that the unperturbed
configuration is stable (to the class of perturbations considered). Otherwise we infer
instability.

We need an estimate for E when the evolution of € is governed by the inhomoge-
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(a) (b)

091} ; 09}
0.8} N ; 081} N ]
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Figure 5. (a) Regions of stability (S) and instability (I) to short-wavelength perturbations for

the direct configurations, in the (a2/a1,as/a1) plane. The thin stability band includes the upper

bounding curve (z = —1) for 0.5 < az/a; < 1 but separates from it for smaller values of a2/a:1.

Figure 5b shows the same for the adjoint configurations, for which the stability band exists only

on the interval 0.5 < az/a1 < 1.

neous linearized equations
Du

5 FLut20ut Vp+ Vg =F, (6.2)

V-u=0G. (6.3)
When the Eulerian perturbations u and p represent the error terms in the geometrical-
optics ansatz, the inhomogeneous terms F and G are given by equations (4.6) and
(4.9). We seek the estimate in the form
dE

5 SCE+K (6.4)

for some (sufficiently large) positive functions C(t) and K (t). This allows rapidly
(e.g. exponentially) increasing F but is sufficient to validate the short-wavelength
instability provided only that C' and K can be chosen independent of the wavelength
parameter e. We use the symbol C to denote a positive number depending only
on the unperturbed configuration and domain (and hence constant in our present
application), the symbol K to denote a positive number having a time-dependence
determined not only by that of the unperturbed configuration but also by that of
the leading-order approximation b.

We have introduced complex values for the dependent variables u, p, etc., so each
dependent variable is split into real and imaginary parts. For example,

U = Ureal T i"-’/ima.g'

Since |u|® = [Ureal|* + |uimag|2 and [, [* = [§nypeall® + |£Tbimag|2’ we find F' = Frea +
Einag, where
1 9 1 9
Ereal(g) =5 |ureal(m,t)| de + 5 |VP||§nrea1| do,
2 Dy 2 0Dy
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Short-wavelength instabilities of Riemann ellipsoids 943

with a similar expression for Ejn,ag. Suppose we can show that

dE;ea dE;
real <C Erea K imag
& C 1+ and I

Then the sum E satisfies the same inequality with K replaced by 2K, proving the
estimate. Since the operators on the left-hand sides of equations (6.2) and (6.3) are
real, splitting the right-hand sides into real and imaginary parts gives two sets of
equations exactly like equations (6.2) and (6.3), but for the real and imaginary parts
separately. We seek to verify inequality (6.4) for E,ca and for Eiy.g separately. For
this we may proceed under the assumption that all dependent variables are real. We
now proceed to do so, dropping the subscripts ‘real’ and ‘imag’ (with one exception:
it is less awkward to obtain the estimate (B8) below for real and imaginary parts
simultaneously).

Recalling that the outward normal to the surface 0D, is in the direction of —V P,
we see that the surface term in equation (6.1) may be rewritten. We have

FE d1 d1
dE _ /D |u(m,t)|2dm——z—/6D (&-VP)E - do.

< CEinag + K.

At dt2
The time derivatives above may be taken inside the integrals with the aid of equations
(A1) and (A3) in Appendix A. Applying these equations above gives

dE Du 1 9
== i - D2V - Vde — VP. .
& /Dt u dz + 2/, lu(z,t)] dz /aot( &u- do

A feomeves(B)few

Replacing the term Dwu/Dt by its expression from equation (6.2), we find in place of
the preceding equation

1
d_LZ:/ u~(—Lu—2wxu—Vp—V@b—FF)daH—-/(V'V)|“|2dm
dt D, 2 Dy

1 DP
+/ |VP|§nundo——/ ((ﬁ-VP)V'V—F(ﬁ-V———))ﬁ- de.
oD, 2 Jop, Dt
The integral involving Vp can be reduced with the aid of equations (2.9) and (6.3)

as follows:
—/ (u-Vp)dmz/ dem—/ |V P|¢un, do.
De Dy D,

The expression for dE/dt can be further reduced with the aid of the preceding

expression and the observation that V(DP/Dt) = ¢n where ¢ = £|V(DP/Dt)|.
This is so because DP/Dt vanishes on 9D;. We now find

‘L_f — [ (w(“Lu- 2w xut+ F) + 1V V)ul) dz

D,

1 — . 2 — . —
+—/8Dt(¢ VPV - V)E,2 do /(u Vi — pG) da.

2 D,

We assume that the velocity field V' and its first partial derivatives are bounded in
the closure of the domain D;. The function F' is known from the explicit calculations
of §5 to be localized, bounded spatially and to have a time dependence like that
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of the leading-order approximation b. The inequality 2|u - F| < |u|? 4 |F|? may be
applied to the term involving this function. This implies that the first integral on
the right in the equation above is bounded above by a positive number times the
integral of |u|? 4+ |F|?. We further assume that [V P| is bounded away from zero on
the boundary 9D, and that ¢ = £|V(DP/Dt)| is bounded there. Then the second
integral on the right is bounded by a positive number times the integral over 0D, of
|VP|¢,%. This implies that

dE

—<COE+K0—/ u-Vi/Jd:c—i-/ pG dx, (6.5)

dt D, D,
where Cy depends only on the unperturbed configuration (and is time-dependent if
D, is); Ky has a time-dependence inherited from F'. The assumptions used above are
easily verified for the Riemann ellipsoids.

Estimates for the integrals on the right-hand side of (6.5) are provided by classical

potential theory. These estimates are easiest to state if we introduce the notations

11l = ( RS - (6.6)

1/2
1llop = ( [ |f|2d0> , (6.7)

where the single vertical bars sign can mean either the absolute value of a scalar or the
norm of a three-component vector. The estimates in question are inequalities (B 1)
and (B2), derived in Appendix B. Since we are assuming that ¢c=! < |VP|sp < ¢ for
some positive constant ¢, we can rewrite these estimates as follows

IVY[|p < CE, (6.8)
and
Ipllp® < C'E + K. (6.9)

Applying them now in inequality (6.5) we can obtain the estimate (6.4). Consider the
second term on the right-hand side of (6.5). With the aid of the Cauchy—Schwartz
inequality we find

/Du'Vi/)da:

where we have observed that each of the terms in the penultimate expression on the
right is less than a constant times E/2. Similarly, recalling that the function G is
bounded spatially for each fixed ¢, we obtain

/ pG dx
D

This now gives (6.4).

< |[ullplVYl[p < Cllullpllénllop < CLE,

1
<5 [P +I6P e <cE+ K",
D

7. Discussion

The analysis of the linear stability of the S-type Riemann ellipsoids has been
extended to include disturbances of arbitrarily short wavelength. This can be viewed
as supplementing the normal-mode analyses of these configurations. An apparent
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Short-wavelength instabilities of Riemann ellipsoids 945

technical difference in the analyses is that perturbations of the free surface, and
therefore of the gravitational potential, play no role in our analysis, while they play
an important role in the normal-mode analysis (Chandrasekhar 1969). We have not,
however, ignored these perturbations, but rather have set them equal to zero initially,
and verified that their subsequent role is insignificant. We believe (but have not
explicitly verified) that allowing for them initially would create contributions of order
€2 in the linearized stability equations, and would therefore play no role in the stabilty
analysis. In words, the perturbation of the gravitational potential is negligible for
perturbations of short wavelength. The normal-mode analyses of these configurations
are surprisingly incomplete, being largely restricted to surface harmonics of order
three (and, in isolated cases, of order four). We anticipate that when the parameter
space of the Riemann ellipsoids is explored for normal modes of higher wavelength,
the effects of the self-gravitational perturbation will become increasingly less.

The present analysis shows that very little of the parameter space represents stable
configurations; if stability analyses at longer wavelengths are carried out, one may
find that even less of the parameter space remains stable. The circumstance that most
of the S-type Riemann ellipsoids are unstable to disturbances of short wavelength
raises a number of physical questions.

Among near-axisymmetric configurations, only those that are not too distorted
from the spherical are stable to perturbations of short wavelength. Evolutionary
scenarios for stars and planets typically involve quasistatic phases of slow evolution.
If a fluid mass evolves slowly through a family of S-type ellipsoids and encounters
the parameter domain of unstable configurations, the velocity field can no longer
remain that of elliptical streamlines normally associated with these configurations,
but must become complicated. The result will be a kind of turbulence drawing its
energy, not from thermal sources, but from the shear. This mechanism for producing
turbulence is one of the motivations for the study of three-dimensional disturbances
of two-dimensional flows (cf. Bayly et al. 1988). It is not clear whether it can be an
effective transport mechanism in stellar or planetary interiors: the basis for our linear
analysis is that, in leading order, the disturbance can be localized near a given set
of streamlines, so there is no transport in this limit. Whether this localization would
persist in a nonlinear treatment is not known. This is a question of considerable
importance in the theory of stellar evolution, where it is normally assumed that very
little mixing of material takes place in thermally stable stellar interiors. The idea
that this mechanism may be at work in tidally distorted planets and stars is a very
natural one (Malkus 1993) in view of the tidal distortion of streamlines.

Since the emphasis in this paper has been on small wavelengths, the effect of
viscosity can be important. It has been considered in the setting of an unbounded flow
by Craik & Criminale (1986), Landman & Saffman (1987) and others (see Greenspan
1990). They find a damping effect essentially proportional to exp(—v [ k* dt), where
v is the coefficient of kinematic viscosity, as one would expect. This simply multiplies
the solution obtained from the inviscid analysis. The result is that when the latter
analysis predicts instability, the instability will be damped out if its growth rate
is less than vk?, but will persist otherwise. For the stellar case, where extremely
small kinematic viscosities are expected, there may well be instabilities in wavelength
regimes that survive the effect of viscosity. Furthermore, the only stable parameter
domain is that provided by the rotational stabilization of flows that would otherwise
be unstable. Gyroscopic stablization is known in other cases to be destroyed by
dissipation. Viscosity may therefore in fact play a destabilizing role.
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Appendix A. Differentiation of integrals

We have encountered in the text of this article integrals extended over time-
dependent spatial domains. Such integrals are common in continuum mechanics,
and there are formulas for their derivatives when the dependence of the domain on
t arises as follows. Let @ = X (g, t) be the solution of the initial-value problem

—_ = V(:B,t), w|t:O = Xy.

Denote by D, the image of an initial, three-dimensional domain Dy under the map-
ping X : Dy = X(Dy,t). Likewise, given an initial two-dimensional surface Sy in
three-dimensional space, denote by S; its image under X . In the applications above
S; = 0Dy, but this plays no role in the following two formulas. Let f and A be arbi-
trary, smooth scalar and vector (respectively) functions of position and time. Then
(see Truesdell 1954)

Df
dt fd /Dt <5t—+fv V) (A1)
and
d DA
T A do /st<Dt (A- )V+AV-V>‘d0'. (A2)

In the text we use equation (A1) and the following consequence of equation (A 2):

Lemma A.1l. Let P(x,t) be constant on S;. Define

D¢
u=5 =€ V)V
Then
d
T (& VP)¢- dU—2Lt(E-VP)u~da

] (€orm e s (2w (o

To prove this, put A = (§ - VP)€ in equation (A 2) above. The integrand of the
right-hand side of that formula becomes

(&-VP) (%f——(& V)V +£V. > (Dg VP +§- <%VP>>£.

Using the definition of w and rearranging, we find

(£-VP)u+(u'VP)£+<(£ VP)V.-V +§¢- V(%f))&
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where we have further observed the identity
D DP
§'—5£VP+VP‘((E'V)V)—E-V(—D—t>. (A4)
We now have the formula
d
&/ € VP)E-do— [ (VP-&)u+(VP-w)€)- do
St

St

+/St ((g-VP)V-VJr&'V(%];))E'dU-

Since VP = £|VP|n where n is normal to S;, each of the first two integrands on
the right is equal to +&,u,|V P|. This gives equation (A 3) of the Lemma.

Appendix B. Estimates from potential theory

The following estimates
IV¥llp < Clléallan, ‘ B1)
and
Ipllp* < C'(llwllp® + 11énllon”) + K (B2)

needed in §6 are proved in this appendix.
Consider first the estimate (B 1), with f in place of &, for brevity:

R Y 4,

We have, for x € D and 0 < € < 1/2,
1 1 1
@< [ g 1 1L g,

™ Jop |z —y|® ™ Jop |z —y|' "¢ |z — y|

Therefore, by the Schwarz inequality,
1 d 2 2
|V1/}(:B)|2 < / O'yz_2€ / |f(y)| dO'y < CO M“—‘day,
E)

™ Jop |@ —y| D |z —y[*** oD | — y|

since the first integral in the middle term is bounded in D for ¢ > 0. Integrating
either side over D, we obtain

2

dx
ZCO/ f(y)2</ '—2‘_7_75_:‘) d0‘y<C2||f||E)D2,
8D D |z — vy

since the inner integral in the last expression is bounded for y € D as long as e < 1/2.
This proves the estimate in question.

Turning now to the estimate (B2), we first obtain a Poisson equation for the
Fulerian pressure-perturbation p by taking the divergence of each side of equation
(6.2). The boundary condition is given by equation (2.9). Next we split p into the
sum p; + py where p; and p, satisfy the potential problems

Ap1 =0, pilop = |VP| flop, (B3)
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and
Aps = g(=,t), palop =0, (B4)
where
ng-(F—%—Lu—wau> (B5)
Dt '

and we continue to write f in place of &,.
Consider first equation (B3). Let I' be the Green’s function for the solution to
this problem:

Ipa(@)| = \ | r@wvrw)swa,

< / I (@, y) T (x, )" [VP@)| |f(y)] doy,
oD

where we have used the fact that I" is positive on D. By the Schwarz inequality,

P (@)]? < /6 @) do, /6 (@) VP ) do,.

The first factor is the function harmonic in D and taking the value unity on the
boundary, hence is unity throughout. Now integrating each side over D, we obtain

Iinllo® < [ ( / r(:c,y)d:c) VPP |/ ()do, < Callfllon®s  (B6)
oD D

for some constant C3. Here we have used the fact that the inner integral is bounded
on D (it is continuous on the closure of D), and that |V P| is bounded on 9D.

Next consider equation (B4). We note from equation (B5) that the function g
includes a term involving a time-derivative of u. We use the identity, valid if V-V =0
(cf. equation (A 4) above from which it follows),

Note that the function G of equation (6.3) above has the structure G = Gei?/¢
where G is spatially localized and bounded, and has the same time-dependence as
u(®. Referring to equation (4.11), we now find for equation (B5)

g:ei¢/6G2+V-(F—2Lu—2wXU)» (B7)

where Gy = DG4 /Dt, hence is also bounded and localized.
Since py vanishes on 0D, we find (retaining the complex form, which is less awk-
ward in this case)

19pallo” = [ Vo3 Vmade =~ [ piapde
D D
=—/péei")/erdw—/péV-(F—2Lu—2w><u)dw
D D
=—/pgem/Eszw+/(Vp§)-(F—2Lu—2wxu)d:c,
D D
or

IVpallo? < / 1p211Gs | de + / Vpsl|F|da + C / Vpollulde. (B
D D D
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We now make repeated use of the inequality
1
2ab < ;az + ,ub2

valid for arbitrary positive numbers a, b, p. Inequality (B 8) becomes

IVp2llp® < ullpellp® + 3 |Gallp® + ul|Vpeallp® + w7 F|| %)
2 — 2
+3(uC|IVpellp” + Cu~Hlul|p®).
For small enough p this implies that
2 2
IVp2llp” < 5uCallpa2llp” + Csllul|p + K,

where K is proportional to

/ (IGaf? + |FJ?) d
D

and therefore grows in time like |a|?.
Now Poincaré’s inequality

Ip2l|p” < C6|| V2| |n®

implies (after again exploiting the arbitrariness of u)

Ip2lln® < Crllulln® + Ko.

Combining this with inequality (B 1) above now gives

lIpllo® = lIpy + pallp® < 2(Ilpelln® + llp2llp®) < 2C7|Jullp® + 2K, + 2G5 fllap?,
which is equivalent to inequality (B 2).
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